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We consider the theory of driven contact lines in a complete wetting scenario and examine the effect
of small scale localized surface disturbances on the global shape of the film profile. We compute
how the nonlinear amplification scales with the precursor thickness of the film and the characteristic
width of the surface pattern. Nonlinear disturbances of the film profile are connected to “transient
growth” in the linear stability analysigPhys. Fluid€9, 530(1997]. © 1999 American Institute of
Physics[S1070-663099)02711-7

The stability of driven contact lines has an extensiveder of magnitude as the film thickness. We are interested in a
literature, both experimentafly? and theoretically.® The  related, but different problem of dynamic stability of driven
problem of gravity driven contact lingflow on an inclined contact lines flowing over shallow perturbations. Despite
plane poses an interesting paradox. Recent linear stabilitthese differences, in both situations, the surface inhomoge-
analysis at smaller inclination angfeshows that there is a neities have to be sufficiently widén the direction of the
critical inclination angle below which a driven contact line flow) in order to influence the shape of the film. We also
solution is linearly stable to transverse perturbations. Thigemark that in a related problem of gravity-Marangoni driven
critical inclination angle depends on the microscopic lengthilms® the microscopic structure of the precursor layer can
scale at the contact line. On the other hand, experimentsause order one changes in the bulk of the film.
show that contact line instabilities occur at smaller inclina-  Following® we consider a dimensionless fourth order
tion angles than those predicted by the linear stability theorynonlinear diffusion equation for the film heigfit;

The papét proposed an alternative linear mechanism for the
initiation of instabilities. Due to the singular dependence of N+ V-(h*VAh—Dh3Vh)+sin(«)(h?),=0. (1)

the base state on the microscopic length scale at the contact ] . .
line, the linear stability problem also exhibits marked Here, the lastconvective term, which arises from the com-

transient-time amplification, with a rate that scales like thePonent of gravity in the downstream, direction is destabi-
microscopic length scale. This study has raised somdzing, while the diffusion terms tend to stabilize the flow.

question® ! regarding whether such transient growth can bel € dimensionless film heigfit is hy/Hy, andHy is the
observed in experiments. upstream film thickness, assumed to be a congtaiscript

In this work we clarify the nature of the transient P Stands for a value of a quantity in physical upitShe

growth, showing that, as was suggested by a heuristic arglii_ownstream film thickness is assumed to be a small constant
ment in Ref. 8, contact line perturbations, imposed locally 0 associated with the presence of a precursor layer. The di-
can be amplified by many orders of magnitude. In additionmensionless space and time variables are, respectixely,
we find a new phenomenon related to this instability; that=Xp/lo. lo=(Hn¥/p@)*3 t=t,Uo/lo, and the velocity
there is a characteristic width-scalarger than the capillary scale isUo=pgHR/(3x). Also, p is the fluid densityu its
length for such perturbations to have a significant transiendynamic viscosity;y is the fluid-air surface tension, arndis
effect. This width-scale is significantly larger than typical the inclination angle. The usual capillary length Is
surface roughness, implying that special surface desigfrlosin(a) and the average velocity of the contact lines
might be needed to reveal this effect experimentally. For=Ugsin(a). The parameteD =(3C&)"%os(), and the
ordinary rough surface it would be interesting to determine ifcapillary number is Ca uU/y= C& sin(a). The dimension-
compound transient effects could occur. less model1) has upstream boundary conditibr-1 asx

A problem with similar geometry, involving spin- — —% andh—b=b/Hy asx—o.
coating over grooved surfaces, was considered in Ref. 12. Itis well known that the competition between stabilizing
They study quasistatic solutions describing planarizatiorand destabilizing terms in E@l) can lead to a “bump” in
over perturbationgtrencheg whose depth is of the same or- the flow profile. The formation of this bump is typically a
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FIG. 1. The flow of a film over perturbation, far=90° (D=0) (a), and
a=10° (D~1.61) (b) [physical parameters correspond to the experiment
(Ref. 14]. The upper inserts show the maximum film height as a function of
time, for a perturbed flowsolid line) and unperturbed onéroken line.

The lower inserts show the perturbation itsedtH0.5w~5.3).

sign of instability of the flow profile with respect to instabili-
ties in the transverse direction. In order to understand non-
linear stability of Eq.(1), we perform numerical simulations
of Eqg. (1) in one space dimension and compare these resul
to the linear stability of Eq(l) in one and two space dimen-
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FIG. 3. (a) Amplification A and é&h, for differentb’s (a«=10°, s=0.5,w
=5.3);(b) sh andA for differents’s (b=0.01a=10°,w=5.3);(c) and(d)
sh for differentw’s [(c) s=0.5, «=10°, (d) b=0.01p=10°].

sions. Linear stability analysis was carried out in Ref. 8,

where it was shown that a small perturbation on the scale of

b can grow to an order one size. Here we extend the previous
work to the fully nonlinear problem and explore in more
details the effect of perturbations.

Figures 1a) and Xb) show a typical solution of Eq.l)

in the laboratory frame, that develops as a thin film flows

gown an incline. The perturbation db of the form f

= —sexg —Cc(X—Xpe®], Wwith characteristic width w
=+/4In2/c in units ofx, and deptlsin units of unperturbet

is imposed on the precursor film downstream of the advanc-
ing front. We choose sucR, that the fluid is already in
steady-state regimémeaning that the unperturbed bump
height, hy, does not changebefore it reaches the perturba-
tion, so that the results do not depend on the particular
choice of initial conditions. As the film flows over the per-
turbation, there is a macroscopic change in the bump height,
defined assh=h,,—ho, whereh,,, is the maximum film
thickness. As expected, this effect is much stronger for larger
a’s [compare Figs. () and 1b)], since the flow shown in
Fig. 1(a) is unstable even without perturbing while the
steady state behavior of the film in Fighbl shows stability.
Still, a finite size bump is produced even in the case of a
stable film, meaning thainstability can be induced by a
small perturbation of the precursor thickness.

Figure 2 shows the results far=90°. Part(a) shows
that the effect of a perturbation is stronger for smahés.
Further, the small perturbation is amplified by the contact
line; we observe that the amplificatigh= sh/(sb)~b~*3,
so the dependence éfon b is even stronger than predicted
by the linear theory A~1/b).2 We also note thatsh
~b~13 Figure 2b) gives the effect of the perturbation

FIG. 2. (a) Amplification A and sh, for differentb’s («=90°, s=0.5,w
=5.3);(b) sh andA for differents’s (b=0.01a=90° ,w=5.3);(c) and(d)
sh for differentw’s [(c) s=0.5, (d) b=0.01p¢=90°].

depth; 6h and A show strong increase for deeper perturba-
tions, which can be understood if one assumes that the “ef-
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150  ———(=90°9=00 nounced at the same largers that are seen for the fully
o=10°q=00

nonlinear problem.

To conclude, we explore the effect which perturbations
of a thin film have on the stability of the contact line, and
find that small perturbations of the precursor film can have a
considerable influence. This effect is augmented for smaller
values of precursor thicknesl, Such perturbations can be
introduced by surface inhomogeneities. We find that the
width-scale of the inhomogeneities is of considerable impor-

FIG. 4. Transient growth in the solution of the linearized problem. For thetanCE; Only the perturbatlons characterized by Iarge enough

strongly unstable situationa(=90°), we show only the marginally stable Width-scales modify the flow behavior.
q=0 mode, since largey’s are linearly unstable, so tha{linear) is infi-
nite. Fora=10°, both thegq=0 andq=0.5 modes are shown.
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